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Abstract
For every integer r > 3 and every ε > 0 we construct a graph with
maximum degree r − 1 whose circular total chromatic number is in
the interval (r, r + ε). This proves that (i) every integer r > 3 is an
accumulation point of the set of circular total chromatic numbers of
graphs, and (ii) for every ∆ > 2, the set of circular total chromatic
numbers of graphs with maximum degree ∆ is infinite. All these results
hold for the set of circular total chromatic numbers of bipartite graphs
as well.
1 Introduction
Total colouring has attracted a considerable amount of attention since the
infamous Total Colouring Conjecture (TCC) was proposed by Behzad [1]
and also by Vizing [5]. The TCC asks whether every graph with maximum
degree ∆ admits a ∆ + 2–total colouring, namely an assignment of one of
∆ + 2 colours to each vertex and to each edge of the graph so that there is
no monochromatic pair of adjacent vertices, pair of adjacent edges, or pair
of incident vertex and edge.
We study the circular version of total colouring in this paper. Since a
total colouring of a graph G is in turn a vertex colouring of the total graph
of G, all basic properties of circular colourings carry over to circular total
colouring. Circular total colourings have been studied in only a few articles
so far, for example [2, 3, 4]. For an introduction to circular colouring, as
well as a survey of results we refer the reader to [7] and [8].
In this work we study the set S ′′ = {χ′′c (G) | G is a graph}, where χ
′′
c (G)
denotes the circular total chromatic number of the graph G. It is an easy
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observation to see that S ′′ ∩ (−∞, 3) = {1, 2}. In terms of other known
values of χ′′c (G), they are computed precisely for all graphs with maximum
degree at most 2, as well as graphs of order at most 7, complete graphs,
complete bipartite graphs, and some subcubic cases.
In particular it is proved in [4] that the Mo¨bius ladders V2n have circular
total chromatic number at most 4 + 1
2
when n > 4, and that the prism
K2  C5 has circular total chromatic number at most 4 +
1
3
. We verified
by the aid of a computer program that indeed χ′′c (K2  C5) = 4 +
1
3
and
χ′′c (V2n) = 4 +
1
2
for n = 4, 5, 6.
In [2] an infinite family of graphs with circular total chromatic number
at most 4 + 1
3
and a graph with circular total chromatic number at most
4+ 1
4
are given. While it follows from the results of [3] that the set of circular
total chromatic numbers of graphs with maximum degree 2 is precisely the
set
{3} ∪ {3 + 1/n | n is a positive integer} ,
the only non-integer numbers a > 4 realized as the circular total chromatic
number of some graph are 4 + 1
3
, 4 + 1
2
, 5 + 1
2
and 6 + 1
2
(see [4] and the
above discussion). In particular, if k > 3, it is not known yet whether the
set S ′′k = {χ
′′
c (G) | ∆(G) = k} is infinite.
In this work we prove that every integer r > 3 is an accumulation point
of S ′′r−1 and hence of S
′′. Thus S ′′k is infinite when k > 2. This work was
partly motivated by the following conjecture of Xuding Zhu for circular edge
colouring:
Conjecture 1. [6] Integers r > 3 are the only accumulation points of the
set S ′ = {χ′c(G) | G is a graph}.
We conjecture that the same holds for circular total colouring.
2 The Main Result
For convenience, we allow half-edges in graphs. A half-edge has only one
end vertex. We may join two half-edges to form an edge joining their end
vertices. We use the notion of (p, q)–colourings for our upper bounds. A
(p, q)–colouring of a graph G is any function c : V (G) → {0, 1, . . . , p−1} such
that for any pair x, y of adjacent vertices we have q 6 |c(x)− c(y)| 6 p− q.
A (p, q)–total colouring of a graph is a (p, q)–colouring of its total graph.
The circular total chromatic number of a graph G is defined by
χ′′c (G) = inf
{
p
q
| G admits a (p, q)–total colouring
}
.
2
Therefore existence of a (p, q)–total colouring for G implies χ′′c (G) 6 p/q.
Let Hk be the graph obtained from the complete bipartite graph Kr,r
by deleting one vertex, but leaving its incident edges in as half-edges. The
following lemma is the main ingredient in our construction.
Lemma 2. The graph Hk is type 1. Moreover, in every k+1–total colouring
of Hk, all the half-edges receive the same colour.
Proof. Let X = {x1, x2, . . . , xk} and Y = {y2, . . . , yk} be the partite sets
of Hk, and let ei be the half-edge in Hk incident with xi. Throughout this
proof i and j are integers with 1 6 i 6 k and 2 6 j 6 k. Let L = [ℓij ] be
a Latin square of order k with entries from the set {1, . . . , k}. We define
a k + 1–total colouring c of Hk as follows: c(xiyj) = ℓij , c(xi) = ℓi1, and
c(ei) = c(yj) = 0. The fact that c is a proper total colouring of Hk follows
immediately since L is a Latin square.
For the second part of the lemma, let c be a k+1–total colouring of Hk
with the colours 0, 1, . . . , k. We may assume that c(x1) = 1, thus c(yj) 6= 1
for all j. On the other hand, since each yj has k incident edges, all colours
must appear either on yj itself or on an edge incident with it. In particular
each yj is incident with an edge coloured 1. Therefore the set of edges
coloured 1 is a matching which saturates Y , hence it also saturates X \{x1}.
This means that x1 is the only vertex coloured 1. Subsequently the vertices
in X must all receive different colours, say c(xi) = i for 1 6 i 6 k, which
leaves only the colour 0 for the vertices yj. That is c(yj) = 0 for all j. Now
the only missing colour at any xi is the colour 0, so c(ei) = 0.
The next lemma is a circular relaxation of Lemma 2.
Lemma 3. Let k > 2. Let e and e′ be two half-edges of the graph Hk, and
let x and x′ be the vertices of Hk incident with e and e
′ respectively. Then
for every positive integer n, Hk admits an (n(k + 1) + 1, n)–total colouring
γ such that γ(e) = 0, γ(e′) = 1, γ(x) = n+ 1, and γ(x′) = nk + 1.
Proof. Let {x1, x2, . . . , xk} and {y2, . . . , yk} be the partite sets of Hk, and
let ei be the half-edge in Hk incident with xi. We may assume e = e1 and
e′ = e2, thus v = x1 and v
′ = x2. Let L = [ℓij ] be a Latin square of order
k with ℓij ∈ {1, 2, . . . , r}, ℓ11 = 1, and ℓ21 = k. We define a k + 1–total
colouring of Hk from L as in the proof of Lemma 2.
We may now multiply all colours by n to get an (n(k + 1) + 1, n)–total
colouring γ0 of Hk. Note that in such colouring each occurrence of the colour
0 may be replaced by n(k+1) = −1 and the colouring remains proper. So we
may “tweak” the colouring γ0 by recolouring e1 by the colour −1. We then
3
shift all colours by 1 to get the desired colouring γ. Hence γ(e) = γ(e1) =
−1 + 1 = 0, γ(e′) = γ(e2) = n0 + 1 = 1, γ(v) = γ(x1) = nℓ11 + 1 = n + 1,
and γ(v′) = γ(x2) = nℓ21 + 1 = nk + 1.
By way of Lemma 2, we now use the graph Hk to construct type 2 graphs
with maximum degree k. Let n be a positive integer and H ′k be the graph
obtained from Hk by deleting k − 2 of its half-edges. Let B1, . . . , Bn be all
isomorphic toH ′k, and let fi and f
′
i be the half-edges of Bi. Let B0 be a graph
with one vertex u and two half-edges f0 and f
′
n+1. We construct the graph
Gk,n from the disjoint union of B0, B1, . . . , Bn by joining the half-edges fi
and f ′i+1 to form an edge ei for each 0 6 i 6 n.
Theorem 4. Let k > 2. For all positive integers n, the graph Gk,n is type 2.
Moreover, k + 1 < χ′′c (Gk,n) 6 k + 1 +
1
n
.
Proof. Let k > 2 and n > 1. Let Bi, fi, f
′
i , ei (0 6 i 6 n) be as in the
definition of Gk,n. Moreover, let xi and x
′
i be the unique end vertices of
fi and f
′
i respectively. In particular x0 = x
′
0 = u. Suppose c is a k + 1–
total colouring of Gk,n. Then by Lemma 2 for each 1 6 i 6 n we have
c(ei−1) = c(ei). Thus c(e0) = c(en) which is a contradiction since e0 and en
are adjacent at u. Therefore Gk,n is type 2, which means χ
′′
c (Gk,n) > k + 1.
To prove χ′′c (Gk,n) 6 k+1+
1
n
, we give an (n(k+1)+1, n)–total colouring
of Gk,n. By Lemma 3, B1 admits an (n(k + 1) + 1, n)–colouring γ with
γ(f1) = 1 and γ(f
′
1) = 0. We use γ to define a (partial) (n(k + 1) + 1, n)–
total colouring of Gk,n with c(e0) = 0, c(e1) = 1, c(x1) = nk + 1 and
c(x′1) = n + 1. We extend c to Bi by shifting the colouring of B1 by i − 1.
Thus we have c(ei) = i for all 0 6 i 6 n, and c(xi) = nk+ i and c(x
′
i) = n+ i
for all 1 6 i 6 n. We define c(u) = 2n+ 1.
To show that c is a proper (n(k + 1) + 1, n)–total colouring of Gk,n we
only need to show that the new edges ei do not create any conflict. Note
that c(xi) = nk + i = −n− 1 + i and c(x
′
i+1) = n + i+ 1 are consistent so
the edge ei is valid for 1 6 i 6 n− 1. For e0 and en we have c(x
′
1) = n+ 1,
c(xn) = nk+n = −1 which are both consistent with c(u) = 2n+1. Finally,
c(e0) = 0 and c(en) = n are consistent and since k > 2, they are both
consistent with c(u) = 2n + 1.
The following are immediate from Theorem 4.
Corollary 5. For all k > 2, lim
n→∞
χ′′c (Gk,n) = k + 1.
Corollary 6. For every k > 2, the set S ′′k is infinite.
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3 An Improved Upper Bound
Note that G2,n is isomorphic to the cycle C3n+1 which has circular total
chromatic number 3+ 1
n
as proved in [3]. So the upper bound of Theorem 4
is tight for k = 2. For k > 3 on the other hand, this upper bound is not
tight. For a better upper bound, we need a better tweaking of a k+1–total
colouring of Hk than the rather easy one done in Lemma 3.
Lemma 7. Let k > 2. Let e and e′ be two half-edges of the graph Hk, and
let x and x′ be the vertices of Hk incident with e and e
′ respectively. Then
for every positive integer q, Hk admits a (q(k + 1) + 1, q)–total colouring γ
such that γ(e) = 0, γ(e′) = 2, γ(x) = qk + 1, and γ(x′) = q + 2.
Proof. Let {x1, x2, . . . , xk} and {y2, . . . , yk} be the partite sets of Hk, and
let ei be the half-edge in Hk incident with xi. We may assume e = ek and
e′ = e1, thus v = xk and v
′ = x1. Let L = [ℓij] be the back-circulant Latin
square of order k, namely 1 6 ℓi,j 6 k and ℓij = i+ j − 1 mod k.
We start from the k+1–total colouring of Hk obtained from L as in the
proof of Lemma 2, and multiply all colours by q to obtain a (q(k+1)+1, q)–
total colouring γ0 of Hk. Then γ0(y1) = · · · = γ0(yr−1) = γ0(e1) = · · · =
γ0(ek) = 0, γ0(x1) = q, and γ0(xk) = qk.
Note that the colours used on each vertex and its incident edges (and
half-edges) are 0, q, 2q, . . . , kq. Thus there is a slack of 1 between kq and 0.
So we may shift all the colours 0, q, . . . , sq by −1 (0 6 s 6 k), or shift all
the colours tq, . . . , kq by 1 (0 6 t 6 k) and the colouring remains valid at
that vertex.
We define γ from γ0 by shifting by 1 at each vertex xi with i 6 k − 1,
all the colours greater than or equal to γ0(xi). Because of our choice of L,
we have γ(xiyj) = γ0(xiyj) + 1 when i + j 6 k + 1 and γ(xiyj) = γ0(xiyj)
otherwise. Effectively, at each vertex yj all the colours greater than or equal
to γ0(x1yj) are shifted by 1. Therefore γ is a proper (q(k + 1) + 1, q)–total
colouring at all vertices.
The shifts of colours performed above enable us now to define γ(e1) = 1
and γ(ek) = −1. We finish by shifting the colours of all vertices, edges and
half-edges by 1. An example is illustrated in Figure 1.
Theorem 8. For k > 4 and n > 1 we have
χ′′c (Gk,n) 6 k + 1 +
1
2n
.
5
59
13
16
0 0 0
1
0
0
−1
9
13
17
4
13
17
4
8
17
4
8
12
Figure 1: A (21, 4)–total colouring of H4 found in the proof of Lemma 7,
before the final shift of all colours. The left column shows the colours γ(xi),
the right column γ(ei), the top row γ(yj), and the middle block γ(xiyj).
Modifications from the original (scaled) Latin square colouring are shaded.
Proof. Let k > 4 and n > 1. Let Bi, fi, f
′
i , ei, xi, x
′
i (0 6 i 6 n) be as in the
proof of Theorem 4. We give a (2n(k+1)+1, 2n)–total colouring of Gk,n by
combining shifts of the colourings of Lemma 7. By Lemma 7 with q = 2n,
we have a (2n(k+1)+1, 2n)–total colouring of B1 in Gk,n so that c(e0) = 0,
c(e1) = 2, c(x
′
1) = 2nk + 1 and c(x1) = 2n + 2. For the block Bi where
2 6 i 6 n, we use a shift (by 2i−2) of the colouring of B1. Thus for 1 6 i 6 n
we have c(ei) = 2i and c(xi) = 2n+2i and c(x
′
i) = 2nk+2i−1. Note that the
end vertices of ei receive colours c(xi) = 2n+2i and c(x
′
i+1) = 2nk+2i+ 1
which are consistent. At the vertex u we have c(e0) = 0 and c(en) = 2n
which are consistent. Moreover, since c(x′1) = 2kn + 1 and c(xn) = 4n, we
may define c(u) = 6n. This does not conflict any of the adjacent colours
since k > 4.
Combining n− 1 shifts of an (8n− 3, 2n− 1)–total colouring of H ′3 with
c(e) = 0, c(e′) = 2 (obtained from Lemma 7) and an (8n − 3, 2n − 1)–total
colouring of H ′3 with c(e) = 0, c(e
′) = 1, c(x) = 2n, c(x′) = 4n−1 (obtained
by tweaking the proof of Lemma 3), one can prove χ′′c (G3,n) 6 4+1/(2n − 1).
We omit details of such proof here.
By computer aid, we verified that the upper bound of Theorem 8 is
tight for G4,n where n = 1, 2, 3, 4, 5 and G5,n where n = 1, 2. We also
verified by computer aid that χ′′c (G3,1) = 9/2 and χ
′′
c (G3,n) = 4+1/(2n − 1)
for n = 2, 3, . . . , 10. These results suggest that the upper bounds of this
section could indeed be the actual circular total chromatic numbers of the
graphs Gk,n.
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4 Concluding Remarks
Similar to circular edge colouring, the circular total chromatic numbers of
graphs seem to be sparse. By analogy to Conjecture 1 and based on our
computational experiments, we conjecture the following.
Conjecture 9. The set S ′′k has no accumulation points other than k + 1.
Note that the TCC implies that S ′′k ⊆ [k + 1, k + 2], thus if the TCC
is true, then every a ∈ S ′′ \ Z can only be realized as the circular total
chromatic number of a graph with maximum degree ⌊a⌋ − 1.
It is worth mentioning here that the graph Gk,n is bipartite when n is
odd. Hence Corollary 5 and Corollary 6 remain valid for bipartite graphs.
A natural question to be asked here is whether every member of S ′′ can be
realized as the circular total chromatic number of some bipartite graph.
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